Multi-reference frame motion estimation improves the accuracy of motion compensation in video compression, but it also dramatically increases computational complexity. Based on tracing motion vector trajectories, fast approximated motion estimation results can be obtained for multi-reference frames. In this paper, we extend the downhill simplex search to multiple reference frames and propose several enhanced schemes to improve its efficiency and accuracy. Experimental results show that the proposed algorithm outperforms several representative singlereference frame block matching methods.
INTRODUCTION
In multi-reference frame motion estimation (ME), the motion vector of one block can be predicted from many reference frames. Recently, a number of algorithms have been proposed to reduce the computational complexity. Center-biased frame selection [1] and recent-biased search [2] perform ME with predefined search patterns in 3D space. Su and Sun [3] used composed MVs to predict approximated results in multi-reference frames. In addition, a simplex minimization method [4] [5] is applied in each previous frame to form an initial simplex for searching the minimal solution of the block distortion function.
Recently, an improved downhill simplex search (DSS) algorithm [6] was proposed for single-frame motion estimation by regarding it as a function minimization problem in a finite 2D space. Experimental results show that fast block-based motion estimation can be achieved by using an efficient function minimization algorithm other than using a predefined search pattern.
In this paper, we extend the downhill simplex search to multiple reference frames and propose several improved schemes to improve the efficiency and accuracy of the motion estimation algorithm. The rest of this paper is organized as follow: Section 2 introduces the proposed downhill simplex search algorithm for multiple reference frame motion estimation. In section 3, we present some improved schemes in our algorithm, including a special rounding technique and an early-stop error function evaluation scheme. Section 4 gives experimental results and comparison of the proposed algorithm with other block matching algorithms. Finally, we conclude this paper in section 5.
ALGORITHM DESCRIPTION

Downhill Simplex Search
Downhill simplex search is a derivative-free multidimensional function minimization method. In the downhill simplex search, a collection of n + 1 points in ndimensional space is called a simplex. In the iterative simplex update process, the point with the highest function value is iteratively replaced by a new point with a smaller function value until the stopping criterion is satisfied. In our previous work, MVs are searched in 2-D space by single reference frame. Therefore, three points of the simplex form a triangle for simplex minimization. In multi-frame motion estimation, four points are selected to form a tetrahedron to find motion vectors in 3-D space, as shown in Figure 1 . Figure 1 . Multi-reference frame downhill simplex search using four points to form a tetrahedron.
Initial Simplex
Downhill simplex search can be roughly divided into two parts. In the first part, we need to initialize the simplex. It is important since we have better chance to find the correct solution very quickly when the solution is near the initial simplex or inside the simplex. A simple initialization method for downhill simplex search is to find three points around the center of the current block. This method works well for blocks with small motion vectors in 2D space. Motion vectors can also be predicted from the available motion vectors which we have estimated in the neighboring blocks at the current or previous frame. However, the overall situation including spatial and temporal displacement should be taken into consideration in multiple reference frames. And, it seems inefficient to apply downhill simplex search directly in each of the previous frames to find initial simplex.
Figure 2. Tracing motion trajectories
In [3] , the correlation between motion vectors of neighboring blocks can be exploited to find a better reference frame. By tracing along the motion trajectories, the motion vector in the previous frame can be composed by:
where k n MV represents the motion vector of frame n referring to frame n-k shown in Figure 2 . For example, 5 MV n can be composed of 1 4 4 MV MV n n . Note that 95.16% of the composed motion vectors with MSE are below 1 pixel error. Thus, we can use the approximated motion vectors in reference frames to form the initial simplex. The way to form an initial simplex is as the following: In each frame, the most recent reference frame is first searched using downhill simplex search. Then, motion vectors in any other reference frames are composed from previous results. In the last step, four motion vectors among all candidates with the minimal block distortion values are then chosen to form an initial simplex.
Iterative Procedure
After the initial simplex is determined, the simplex is updated iteratively until the stopping criterion is satisfied. Finally, the point with the lowest function value in the simplex is the final solution. It consists of four steps: namely, reflection, expansion, contraction, and shrinkage, as shown in Figure 3 . In the reflection step, we define a reflection point Pr as ) ( Ye is the BDM value of Pe. In the contraction step, we define a contraction point Pc as ) (
Yc is the BDM value of Pc. In the shrinkage step, we define a contraction point
Yl is the function value of the smallest point and Yh is the function value of the largest point. Ym refers to those points. Each iteration starts with the reflection step. The BDM values are calculated to see which point can be replaced with the point of the highest value in the simplex. Here, sum of square errors (SSE) is used as the BDM. In the shrinkage action, all other points are moved toward the lowest point. 
IMPROVED SCHEMES
In this work, we propose an improved downhill simplex search algorithm for multiple reference frame motion estimation. Throughout the iterative simplex update process, several improved schemes are adopted to achieve better efficiency and compression quality.
The early-stop scheme
The early-stop scheme can be applied in the downhill simplex search. In the iterative procedure, the point with the highest SSE, namely Ph, is iteratively replaced with a better point. However, new points usually have a higher SSE than that of the current Ph. Therefore, the SSE computation can be terminated as soon as the accumulated SSE of the new location exceeds the SSE of Ph. The method can be used in the iteration steps or refinement. It helps reduce the computational load greatly. It is more significant in SSE than in the sum of absolute differences (SAD) error measure. Note that even the accumulation is aborted, the part of SSE that is already calculated is still considered as a fractional number in our search location numbers.
New location rounding scheme
The simplest rounding method is to round the search location to the nearest integer point, but this may degrade the accuracy. As shown in Figure 5 , (x,y) is a point with Instead of interpolation, we calculate F(i,j), F(i+1,j) and F(i,j+1) since the purpose of BMA is to find the most similar block and downhill simplex search uses a triangle to minimize function values in the same frame. The location with the smallest SSE value is then used to update point (x,y). In multiple reference frames, three neighboring integral points with the same temporal displacement are compared first. Then, the smallest is chosen from all candidates.
EXPERIMENTAL RESULTS
We compare six block matching algorithms, including full search (FS), four step search (FSS), diamond search (DS), simplex minimization search (SMS), our proposed downhill simplex search (DSS) and multi-reference full search (MR-FS) with our multi-reference frame downhill simplex search (MR-DSS) through experiments on four benchmarking video sequences (foreman, coastguard, news, and container). As shown in Table 1 , QCIF sequences were chosen for testing. For different sequence length, we compute average number of search locations per frame. In each frame, motion is estimated and compensated using original frame in our proposed algorithm to avoid error propagation due to poor prediction results. Reference frame length is set to 5 frames which complies with H.264 coding standard, and 2 , 5 . 0 , 1 with the search range within 16 pixels in both horizontal and vertical directions. Our MR-DSS method performs a two-level downhill Figure 4 . Flow chart of the downhill simplex search search. One is in the initial step. Each frame uses the single reference frame DSS to search the motion vector with the minimal distortion in the previous one frame. Then we compose MVs in any other reference frames as candidates of the initial simplex. Four minimal points are chosen to form an initial simplex. After that, a 3D-version DSS starts to get more accurate motion vectors. As in Table 2 , our proposed MR-DSS provides significant reduction in computational complexity. Compared with MR-FS, a speedup ratio is up to 350~390. Table 1 represents the speed-up ratio by R = #Location in MRFS / #Location in MRDSS. In fact, our proposed method outperforms many single reference block matching algorithms, mainly due to fast initial simplex composition. And the early-stop scheme further boosts the search speed. According to Table 2 , MR-DSS is almost double the DSS search number. The result fits with the two-level method. On the other hand, MR-DSS provides higher PSNR than other methods within fewer search numbers and it achieves similar PSNR compared to MR-FS in some sequences. A special feature of the proposed method is the nearly constant average computational cost for videos of different motion types.
CONCLUSION
In this paper, we extend the previous single-frame downhill simplex search algorithm to multi-reference frame motion estimation. The main contribution of this work is that we proposed a very efficient multi-reference frame motion estimation algorithm with very stable computational efficiency for different types of video. According to the property of the downhill simplex search, we select tracing motion trajectories to form an initial simplex so that it reduces very high computational complexity in multiple reference frames. In addition, a special location rounding scheme and an early-stop strategy also help boost the search speed and improve the accuracy. Experimental results show the proposed multi-reference frame downhill simplex search algorithm in general provides faster motion estimation than many popular single-reference frame ME algorithms while maintaining good video compression quality. 
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